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Abstract
We review the novel quasiconformal realizations of exceptional U-duality
groups whose ”quantization” lead directly to their minimal unitary irre-
ducible representations. The group E8(8) can be realized as a quasiconfor-
mal group in the 57 dimensional charge-entropy space of BPS black hole so-
lutions of maximal N = 8 supergravity in four dimensions and leaves invari-
ant ”lightlike separations” with respect to a quartic norm. Similarly E7(7)
acts as a conformal group in the 27 dimensional charge space of BPS black
hole solutions in five dimensional N = 8 supergravity and leaves invariant
”lightlike separations” with respect to a cubic norm. For the exceptional
N = 2 Maxwell-Einstein supergravity theory the corresponding quasicon-
formal and conformal groups are E8(−24) and E7(−25), respectively. These
conformal and quasiconformal groups act as spectrum generating symme-
try groups in five and four dimensions and are isomorphic to the U-duality
groups of the corresponding supergravity theories in four and three dimen-
sions, respectively. Hence the spectra of these theories are expected to form
unitary representations of these groups whose minimal unitary realizations
are also reviewed.
∗Work supported in part by the National Science Foundation under grant number PHY-
0245337.
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1 U-Duality Groups in Supergravity Theories
1.1 Noncompact exceptional groups as symmetries of maxi-
mally extended supergravity theories
Eleven dimensional supergravity [1] is the effective low energy theory of strongly
coupled phase of M-theory [2]. Toroidal compactification of eleven dimensional
supergravity theory down to d dimensions yields the maximally extended super-
gravity with a global non-compact symmetry groupE(11−d)(11−d) [3]. It is believed
that only the discrete subgroups E(11−d)(11−d)(Z) of these groups are the symme-
tries of the non-perturbative spectra of toroidally compactified M-theory [4]. We
shall use the term U-duality for these discrete subgroups as well as for the global
noncompact symmetry groups of supergravity theories.
In five dimensions E6(6) is a symmetry of the Lagrangian of the maximal (
N = 8) supergravity, under which the 27 vector fields of the theory transform
irreducibly while the 42 scalar fields transform nonlinearly and parameterize the
coset space E6(6)/USp(8). On the other hand the E7(7) symmetry of the maxi-
mally extended supergravity in d = 4 is an on-shell symmetry group. The field
strengths of 28 vector fields of this theory together with their ”magnetic” duals
transform irreducibly in the 56 of E7(7) and 70 scalar fields parameterize the coset
spaceE7(7)/SU(8). In three dimensions all the propagating bosonic degrees of the
maximal N = 16 supergravity can be dualized to scalar fields, which transform
nonlinearly under the symmetry group E8(8) and parameterize the coset space
E8(8)/SO(16).
1.2 Exceptional U-duality groups in Matter coupled Supergrav-
ity Theories
Non-compact global U-duality groups arise in matter coupled supergravity theo-
ries as well. In this talk I will focus on U-duality groups in N = 2 Maxwell-
Einstein supergravity theories (MESGT) in d = 5 and the corresponding theories
in four and three dimensions. These theories describe the coupling of an arbitrary
number n of ( Abelian) vector fields to N = 2 supergravity and five dimensional
MESGT’s were constructed in [5]. The bosonic part of the Lagrangian is given by
[5]
e−1Lbosonic = −1
2
R− 1
4
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aIJF
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√
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CIJKε
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J
ρσA
K
λ , (1)
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where e and R denote the fu¨nfbein determinant and the scalar curvature, re-
spectively, and F Iµν are the field strengths of the Abelian vector fields AIµ, (I =
0, 1, 2 · · · , n). The metric, gxy, of the scalar manifold M and the ”metric” ◦aIJ of
the kinetic energy term of the vector fields both depend on the scalar fields ϕx.
The Abelian gauge invariance requires the completely symmetric tensor CIJK
to be constant. Remarkably, the entire N = 2, d = 5 MESGT is uniquely deter-
mined by the constant tensor CIJK [5]. To see this explicitly for the bosonic terms
in the Lagrangian consider the cubic polynomial, V(h), in (n + 1) real variables
hI (I = 0, 1, . . . , n) defined by the CIJK
V(h) := CIJKhIhJhK . (2)
Using this polynomial as a real ”potential” for a metric, aIJ , in the (ambient) space
R
(n+1) with the coordinates hI :
aIJ(h) := −1
3
∂
∂hI
∂
∂hJ
lnV(h) . (3)
one finds that the n-dimensional target space, M, of the scalar fields ϕx can then
be represented as the hypersurface [5]
V(h) = CIJKhIhJhK = 1 (4)
in this ambient space. The metric gxy is simply the pull-back of (3) to M and the
”metric” ◦aIJ(ϕ) appearing in (1) is given by the componentwise restriction of aIJ
to M:
◦
aIJ(ϕ) = aIJ |V=1 . (5)
The positivity of kinetic energy requires that gxy and
◦
aIJ be positive defi-
nite. This requirement induces constraints on the possible CIJK , and in [5] it was
shown that any CIJK that satisfy these constraints can be brought to the following
form
C000 = 1, C0ij = −1
2
δij, C00i = 0, (6)
with the remaining coefficients Cijk (i, j, k = 1, 2, . . . , n) being completely arbi-
trary. This basis is referred to as the canonical basis for CIJK .
Denoting the symmetry group of the tensor CIJK as G one finds that the full
symmetry group of N = 2 MESGT in d = 5 is of the form G× SU(2)R , where
SU(2)R denotes the local R-symmetry group of the N = 2 supersymmetry alge-
bra. A MESGT is said to be unified if all the vector fields, including the gravipho-
ton, transform in an irreducible representation of a simple symmetry group G.
Of all the N = 2 MESGT’s whose scalar manifolds are symmetric spaces only
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four are unified [5, 6]1. If one defines a cubic form N (h) := CIJKhIhJhK using
the constant tensor CIJK , it was shown in [5] that the cubic forms associated
with the four unified MESGT’s can be identified with the norm forms of simple
( Euclidean) Jordan algebras of degree three . There exist only four simple ( Eu-
clidean) Jordan algebras of degree three and they can be realized in terms of 3× 3
hermitian matrices over the four division algebras with the product being one-half
the anticommutator. They are denoted as JA3 , where A stands for the underlying
division algebra , which can be real numbers R, complex numbers C, quaternions
H and octonions O. The supergravity theories defined by them were referred to
as magical supergravity theories [5] since their symmetry groups in five , four
and three dimensions correspond precisely to the symmetry groups of the famous
Magic Square . The octonionic Jordan algebra JO3 is the unique exceptional Jordan
algebra and consequently the N = 2 MESGT defined by it is called the excep-
tional supergravity theory [5]. In the table below we list the scalar manifoldsG/H
of the magical supergravity theories in five , four and three dimensions, where G
is the global noncompact symmetry and H is its maximal compact subgroup.
J G/H in d=5 G/H in d=4 G/H in d=3
JR3 SL(3,R)/SO(3) Sp(6,R)/U(3) F4(4)/USp(6)× SU(2)
JC3 SL(3,C)/U(3) SU(3, 3)/SU(3)
2 × U(1) E6(2)/SU(6) × SU(2)
JH3 SU
∗(6)/USp(6) SO∗(12)/U(6) E7(−5)/SO(12) × SU(2)
JO3 E6(−26)/F4 E7(−25)/E6 × U(1) E8(−24)/E7 × SU(2)
Note that the exceptional N = 2 supergravity has E6(−26), E7(−25) and E8(−24)
as its global symmetry group in five , four and three dimensions, respectively,
whereas the maximally extended supergravity theory has the maximally split real
forms E6(6), E7(7) and E8(8) as its symmetry in the respective dimensions.
The term U-duality was introduced by Hull and Townsend since the discrete
symmetry group E7(7)(Z) of M/superstring theory toroidally compactified to d =
4 unifies the T-duality group SO(6, 6)(Z) with the S-duality group SL(2,Z) in a
simple group:
SO(6, 6)× SL(2,R) ⊂ E7(7) (7)
The analogous decomposition of the symmetry group E7(−25) of the exceptional
supergravity in d = 4 is
SO(10, 2)× SL(2,R) ⊂ E7(−25) (8)
with similar decompositions for the other magical supergravity theories.
1It has recently been shown that if one relaxes the condition that the scalar manifolds be ho-
mogeneous spaces then there exist three novel infinite families ( plus an additional sporadic one )
of unified MESGT’s in d = 5 [7].
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2 U-duality Groups and black Hole Entropy in Su-
pergravity Theories
The entropy of black hole solutions in maximally extended supergravity as well
as in matter coupled supergravity theories are invariant under the corresponding
U-duality groups. For example in d = 5 , N = 8 supergravity the entropy S of a
black hole solution can be written in the form [8]
S = α
√
I3 = α
√
CIJKqIqJqK (9)
where α is some fixed constant and I3 is the cubic invariant of E6(6). The qI , I =
1, 2, ..., 27 are the charges coupling to the 27 vector fields of the theory. The BPS
black hole solutions with I3 6= 0 preserve 1/8 supersymmetry [9]. The solutions
with I3 = 0 , but with 13∂II3 = CIJKq
JqK 6= 0 preserve 1/4 supersymmetry ,
while those solution with both I3 = 0 and CIJKqJqK = 0 preserve 1/2 supersym-
metry [9]. The orbits of the black hole solutions of N = 8 supergravity in d = 5
under the action of E6(6) were classified in [10].
The entropy S of black hole solutions of N = 8 supergravity in d = 4 is given
by the quartic invariant of the U-duality group E7(7) [11]
S = β
√
I4 = β
√
dIJKLqIqJqKqL (10)
where β is a fixed constant and qI , I = 1, 2, ..., 56 represent the 28 electric and
28 magnetic charges. The orbits of the BPS black hole solutions of N = 8 super-
gravity preserving 1/8, 1/4 and 1/2 supersymmetry under the action of E7(7) were
classified in [10]. The number of supersymmetries preserved by the extremal
black hole solutions depend on whether or not I4 , ∂JI4 and ∂J∂KI4 vanish [9].
The orbits of the BPS black hole solutions of N = 2 MESGT’s in d = 5 and
d = 4 with symmetric target spaces , including those of the exceptional super-
gravity, were also classified in [10].
The classification of the orbits of BPS black hole solutions of the N = 8 and
the exceptional N = 2 theory in d = 5 as given in [10] associates with a given
BPS black hole solution with charges qI an element J =
∑27
I=1 eIq
I of the cor-
responding exceptional Jordan algebra with basis elements eI . ( Split exceptional
Jordan algebra JOs3 for the N = 8 theory and the real exceptional Jordan algebra
JO3 for the N = 2 theory. ) The cubic invariant I3(qI) is then simply given by the
norm form N of the Jordan algebra
N3(J) = I3(qI) (11)
Invariance group of the norm form ( known as the reduced structure group in
mathematics literature) is isomorphic to the U-duality group in these five dimen-
sional theories. In the corresponding four dimensional supergravity theory the
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black hole solution is associated with an element of the Freudenthal triple system
defined by the exceptional Jordan algebra and the U-duality group is isomorphic
to the invariance group of its associated quartic form [10].
3 Conformal and quasi-conformal realizations of
exceptional groups
The linear fractional group of the exceptional Jordan algebra JO3 (J
Os
3 ) as defined
by Koecher is the exceptional group E7(−25)(E7(7)) which can be interpreted as
a generalized conformal group of a ”spacetime” coordinatized by JO3 (J
Os
3 ) [13].
Acting on an element J =
∑27
I=1 eIq
I the conformal action of E7 changes its
norm and hence the entropy of the corresponding black hole solution. Thus one
can regard E7(−25)(E7(7)) as a spectrum generating symmetry in the charge space
of black hole solutions of the exceptional N = 2 ( N = 8) supergravity in five
dimensions. If one defines a distance function between any two solutions with
charges qI and q′I as
d(q, q′) ≡ N3(J − J ′) (12)
one finds that the light like separations are preserved under the conformal action
of E7 [12, 14]. The explicit action of E7(7) and E7(−25) on the corresponding 27
dimensional spaces are given in [12] and [14] , respectively. Let us review briefly
the conformal action of E7(7) given in [12]. Lie algebra of E7(7) has a 3-graded
decomposition
133 = 27⊕ (78⊕ 1)⊕ 27 (13)
under its E6(6) × D subgroup, where D represents the dilatation group SO(1, 1).
Under its maximal compact subalgebra USp(8) Lie algebra E6(6) decomposes
as a symmetric tensor G˜ij in the adjoint 36 of USp(8) and a fully antisymmet-
ric symplectic traceless tensor G˜ijkl transforming as the 42 of USp(8) ( indices
1 ≤ i, j, . . . ≤ 8 are USp(8) indices). G˜ijkl is traceless with respect to the real
symplectic metric Ωij =−Ωji=−Ωij (thus ΩikΩkj = δji ). The symplectic metric
is used to raise and lower indices, with the convention that this is always to be
done from the left. The other generators of conformal E7(7) consist of a dilata-
tion generator H˜ , translation generators E˜ij and the nonlinearly realized ”special
conformal” generators F˜ ij , transforming as 27 and 27, respectively.
The fundamental 27 of E6(6) on which E7(7)) acts nonlinearly can be repre-
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sented as the symplectic traceless antisymmetric tensor Z˜ ij transforming as 2
G˜ij(Z˜
kl) = 2 δkj Z˜
il ,
G˜ijkl(Z˜mn) = 1
24
ǫijklmnpqZ˜pq , (14)
where Z˜ ij := ΩikΩjlZ˜kl = (Z˜ij)∗ and ΩijZ˜ ij = 0. The conjugate 27
representation transforms as
G˜ij(Z¯
kl) = 2 δkj Z¯
il ,
G˜ijkl(Z¯mn) = − 1
24
ǫijklmnpqZ¯pq . (15)
The cubic invariant of E6(6) in the 27 is given by
N3(Z˜) := Z˜ ijZ˜jkZ˜klΩil . (16)
The generators E˜ij act as translations on the space with coordinates Z˜ ij as :
E˜ij(Z˜kl) = −Ωi[kΩl]j − 1
8
ΩijΩkl (17)
and H˜ by dilatations
H˜(Z˜ ij) = Z˜ ij . (18)
The ” special conformal generators” F˜ ij in the 27 are realized nonlinearly:
F˜ ij(Z˜kl) := −2 Z˜ ij(Z˜kl) + Ωi[kΩl]j(Z˜mnZ˜mn) + 18 ΩijΩkl(Z˜mnZ˜mn)
+ 8 Z˜kmZ˜mnΩ
n[iΩj]l−Ωkl(Z˜ imΩmnZ˜nj) (19)
The norm form needed to define the E7(7) invariant “light cones” is constructed
from the cubic invariant of E6(6). If we define the ”distance” between X˜ and Y˜ as
N3(X˜ − Y˜ ) then it is manifestly invariant under E6(6) and under the translations
E˜ij . Under H˜ it transforms by a constant factor, whereas under the action of F˜ ij
we have
F˜ ij
(
N3(X˜ − Y˜ )
)
= (X˜ ij + Y˜ ij)N (X˜ − Y˜ ) . (20)
which proves that the light cone in R27 with base point Y˜ defined by
N3(X˜ − Y˜ ) = 0 (21)
2Throughout we use the convention that indices connected by a bracket are antisymmetrized
with weight one.
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is indeed invariant under E7(7).
The above formulas carry over in a straightforward manner to the conformal
realization of E7(−25) on a 27 dimensional space coordinatized by the real excep-
tional Jordan algebra JO3 . In this case the cubic form is invariant under E6(−26)
which has USp(6, 2) as a subgroup. The USp(8) covariant formulas above for
E7(7) are then replaced by USp(6, 2) covariant formulas [14].
The conformal groups E7(7) and E7(−25) acting on the 27 dimensional charge
spaces of the N = 8 and the exceptional N = 2 supergravity in five dimensions
are isomorphic to the U-duality groups of the corresponding four dimensional
theories obtained by dimensional reduction. One may wander whether there ex-
ist conformal groups acting on the charge space of four dimensional supergravity
theories that are isomorphic to the U-duality groups of the corresponding three
dimensional theories obtained by dimensional reduction. This question was in-
vestigated in [12] and it was found that in the case of maximal supergravity, even
though there is no conformal action of E8(8), it has a quasi-conformal group ac-
tion on a 57 dimensional space which is an extension of the 56 dimensional charge
space by an extra coordinate. For BPS black hole solutions in d = 4 this extra
coordinate can be taken to be the entropy [12].
The realization of quasi-conformal action of E8(8) uses the 5-graded decom-
position of its Lie algebra with respect to the Lie algebra of its E7(7)×D subgroup
g−2 ⊕ g−1 ⊕ g0 ⊕ g+1 ⊕ g+2
1 ⊕ 56 ⊕ (133⊕ 1) ⊕ 56 ⊕ 1 (22)
withD representing dilatations, whose generator together with grade±2 elements
generate an SL(2,R) subgroup. It turns out to be very convenient to work in
a basis covariant with respect to the SL(8,R) subgroup of E7(7) [12]. Let us
denote the SL(8,R) covariant generators belonging to the grade −2,−1, 0, 1 and
2 subspaces in the above decomposition as follows:
E ⊕ {Eij , Eij} ⊕ {Gijkl, Gij ; H} ⊕ {F ij, Fij} ⊕ F (23)
where i, j, .. = 1, 2..., 8 are now SL(8,R) indices.
Consider now a 57-dimensional real vector space with coordinates
X := (X ij, Xij, x) (24)
where X ij and Xij transform in the 28 and 2˜8 of SL(8,R) and x is a singlet. The
generators of E7(7) subalgebra act linearly on this space
Gij(X
kl) = 2 δkjX
il−1
4
δijX
kl , Gijkl(Xmn) = 1
24
ǫijklmnpqXpq ,
Gij(Xkl) = −2 δikXjl + 14δijXkl , Gijkl(Xmn) = δ[ijmnXkl] ,
Gij(x) = 0 , G
ijkl(x) = 0 ,
(25)
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The generator H of dilatations acts as
H(X ij) = X ij , H(Xij) = Xij , H(x) = 2 x , (26)
and the generator E acts as translations on x:
E(X ij) = 0 , E(Xij) = 0 , E(x) = 1 . (27)
The grade ±1 generators act as
Eij(Xkl) = 0 , Eij(Xkl) = δ
ij
kl , E
ij(x) = −X ij ,
Eij(X
kl) = δklij , Eij(Xkl) = 0 , Eij(x) = Xij .
(28)
The positive grade generators are realized nonlinearly. The generator F acts as
F (X ij) = 4X ikXklX
lj +X ijXklXkl
− 1
12
ǫijklmnpqXklXmnXpq +X
ij x ,
F (Xij) = −4X ikXklXlj −XijXklXkl
+ 1
12
ǫijklmnpqX
klXmnXpq +Xij x ,
F (x) = 4 I4(X ij , Xij) + x2 (29)
where I4 is the quartic invariant of E7(7)
I4 ≡ X ijXjkXklXli − 14X ijXijXklXkl + 196 ǫijklmnpqXijXklXmnXpq
+ 1
96
ǫijklmnpqX
ijXklXmnXpq (30)
The action of the remaining generators of E8(8) are as follows:
F ij(Xkl) = −4X i[kX l]j +1
4
ǫijklmnpqXmnXpq ,
F ij(Xkl) = +8 δ
[i
kX
j]m
Xml + δ
ij
klX
mnXmn + 2X
ijXkl − δijkl x ,
Fij(X
kl) = −8 δk[iXj]mXml +δklij XmnXmn − 2XijXkl − δklij x ,
Fij(Xkl) = 4XkiXjl − 14 ǫijklmnpqXmnXpq ,
F ij(x) = 4X ikXklX
lj +X ijXklXkl
− 1
12
ǫijklmnpqXklXmnXpq +X
ij x ,
Fij(x) = 4X ikX
klXlj +XijX
klXkl
− 1
12
ǫijklmnpqX
klXmnXpq −Xij x . (31)
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The above action of E8(8) was called quasiconformal in [12] since it leaves a
certain norm invariant up to an overall factor. Since the standard difference (X −
Y) of two vectors in the 57 dimensional space is not invariant under ”translations”
generated by (Eij , Eij), one defines a nonlinear difference that is invariant under
these translation as [12]
δ(X , Y) := (X ij − Y ij , Xij − Yij ; x− y + 〈X, Y 〉) = −δ(Y ,X ) (32)
where 〈X, Y 〉 := X ijYij −XijY ij . One defines the norm of a vector X in the 57
dimensional space as
N4(X ) ≡ N4(X ij, Xij; x) := I4(X)− x2 , (33)
Then the ”distance” between any two vectors X and Y defined as N4(δ(X ,Y))
is invariant under E7(7) and translations generated by Eij , Eij and E. Under the
action of the remaining generators of E8(8) one finds that
F
(
N4(δ(X ,Y))
)
= 2 (x+ y)N4(δ(X ,Y))
F ij
(
N4(δ(X ,Y))
)
= 2 (X ij + Y ij)N4(δ(X ,Y))
H
(
N4(δ(X ,Y))
)
= 4N4(δ(X ,Y))
Therefore, for every Y ∈ R57 the “light cone” with base point Y , defined by the
set of X ∈ R57 satisfying
N4(δ(X ,Y)) = 0 , (34)
is preserved by the full E8(8) group.
The quasiconformal realization of the other real noncompact form E8(−24)
with the maximal compact subgroup E7 × SU(2) is given in [14]. In going to
E8(−24) the subgroup SL(8,R) of E7(7) is replaced by the subgroup SU∗(8) of
E7(−25). The quasiconformal groups E8(8) and E8(−24) are isomorphic to the U-
duality groups of the maximal N = 16 supergravity and the N = 4 exceptional
supergravity in three dimensions. Since their action changes the ”norm” in the
charge-entropy space of the corresponding four dimensional theories they can be
interpreted as spectrum generating symmetry groups.
The quasiconformal realizations of E8(8) and E8(−24) can be consistently trun-
cated to quasiconformal realizations of other exceptional subgroups. For a com-
plete list of the real forms of these exceptional subgroups we refer the reader to
[12, 14].
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4 The minimal unitary representations of excep-
tional groups
To obtain unitary realizations of exceptional groups ,based on their quasiconfor-
mal realizations, over certain Hilbert spaces of square integrable functions one has
to find the corresponding phase space realizations of their generators and quantize
them. For E8(8) this was done in [15] and for E8(−24) in [14]. Remarkably, the
quantization of the quasiconformal realizations of E8(8) and E8(−24) yield their
minimal unitary representations. The concept of a minimal unitary representation
of a non-compact group G was first introduced by A. Joseph [16] and is defined as
a unitary representation on a Hilbert space of functions depending on the minimal
number of coordinates for a given non-compact group. Here we shall summarize
the results mainly for E8(8) and indicate how they extend to E8(−24).
Since the positive graded generators form an Heisenberg algebra one intro-
duces 28 coordinates X ij and 28 momenta Pij ≡ Xij , and one extra real coordi-
nate y to represent the central term. By quantizing
[X ij , Pkl] = i (35)
we can realize the positive grade generators of E8(8) as
Eij := y X ij , Eij := y Pij , E :=
1
2
y2. (36)
To realize the other generators of E8(8) one introduces a momentum conjugate to
the coordinate y representing the central charge of the Heisenberg algebra:
[y, p] = i (37)
Then the remaining generators are given by
H := 1
2
(y p + p y) ,
F ij := −pX ij + 2iy−1 [X ij , I4(X,P )]
= −4 y−1X ikPklX lj −12 y−1(X ijPklXkl +XklPklX ij)
+ 1
12
y−1ǫijklmnpqPklPmnPpq − pX ij ,
Fij := −p Pij + 2iy−1 [Pij , I4(X,P )]
= 4 y−1P ikX
klPlj +
1
2
y−1(PijX
klPkl + PklX
klPij)
− 1
12
y−1ǫijklmnpqX
klXmnXpq − p Pij ,
F := 1
2
p2 + 2y−2I4(X,P )
11
Gij := 2X
ikPkj +
1
4
XklPkl δ
i
j ,
Gijkl := −1
2
X [ijXkl] + 1
48
ǫijklmnpqPmnPpq . (38)
The hermiticity of all generators is manifest. Here I4(X,P ) is the fourth order
differential operator
I4(X,P ) := −12(X ijPjkXklPli + PijXjkPklX li)
+1
8
(X ijPijX
klPkl + PijX
ijPklX
kl)
− 1
96
ǫijklmnpqPijPklPmnPpq
− 1
96
ǫijklmnpqX
ijXklXmnXpq + 547
16
. (39)
and represents the quartic invariant of E7(7) because
[Gij , I4(X,P )] = [G
ijkl , I4(X,P )] = 0 . (40)
The above unitary realization of E8(8) in terms of position and momentum
operators ( Schro¨edinger picture) can be reformulated in terms of annihilation
and creation operators (oscillator realization) ( Bargman-Fock picture) [15]. The
transition from the Schrodinger picture to the Bargmann-Fock picture corresponds
to going from the SL(8,R) basis to the SU(8) basis of E7(7) .
The quadratic Casimir operator of E8(8) reduces to a number for the above re-
alization and one can show that all the higher Casimir operators must also reduce
to numbers as required for an irreducible unitary representation. Thus by expo-
nentiating the above generators we obtain the minimal unitary irreducible repre-
sentation of E8(8) over the Hilbert space of square integrable complex functions
in 29 variables.
In the minimal unitary realization of the other noncompact real form E8(−24)
with the maximal compact subgroup E7 × SU(2) given explicitly in [14] the rel-
evant 5-graded decomposition of its Lie algebra e8(−24) is with respect to its sub-
algebra e7(−25) ⊕ so(1, 1)
e8(−24) = 1 ⊕ 56 ⊕
(
e7(−25) ⊕ so(1, 1)
) ⊕ 56 ⊕ 1 (41)
The Schro¨dinger picture for the minimal unitary representation of E8(−24) cor-
responds to working in the SU∗(8) basis of the E7(−25) subgroup. The position
and momentum operators transform in the 28 and 2˜8 of this SU∗(8) subgroup
and the above formulas for E8(8) carry over to those of E8(−24) with some subtle
differences[14]. The Bargmann-Fock picture for the minimal unitary realization
of E8(−24) in terms of annihilation and creation operators is obtained by going
from the SU∗(8) basis to the SU(6, 2) basis of the E7(−25) subgroup of E8(−24).
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One can obtain the minimal unitary realizations of certain subgroups of E8(8)
and E8(−24) by truncating their minimal realizations. However, we should stress
that since the minimal realizations ofE8(8) [15]andE8(−24) [14] are nonlinear con-
sistent truncations exist for only certain subgroups. The exceptional subgroups of
E8(8) that can realized as quasiconformal groups are listed in [12] and the possi-
ble consistent truncations of the minimal unitary realizations of E8(8) and E8(−24)
are given in [14]. The relevant subalgebras of e8(−24) and e8(8) are those that are
realized as quasi-conformal algebras , i.e those that have a 5-grading
g = g−2 ⊕ g−1 ⊕ g0 ⊕ g+1 ⊕ g+2
such that g±2 subspaces are one-dimensional and g0 = h⊕∆ where ∆ is the gen-
erator that determines the 5-grading.. Hence they all have an sl(2,R) subalgebra
generated by elements of g±2 and the generator ∆. For the truncated subalgebra,
the quartic invariant I4 will now be that of a subalgebra h of e7(−25) or of e7(7).
Furthermore, this subalgebra must act on the grade ±1 spaces via symplectic rep-
resentation. Below we give the main chain of such subalgebras [14]
h = e7(−25) ⊃ so∗(12) ⊃ su(3, 3) ⊃ sp(6,R) ⊃ ⊕31sp(2,R) ⊃ sp(2,R) ⊃ u(1)
(42)
Corresponding quasi-conformal subalgebras read as follows
g = e8(−24) ⊃ e7(−5) ⊃ e6(2) ⊃ f4(4) ⊃ so(4, 4) ⊃ g2(2) ⊃ su(2, 1) (43)
The corresponding chains for the other real form e8(8) are
h = e7(7) ⊃ so(6, 6) ⊃ sl(6,R ⊃ sp(6,R) ⊃ ⊕31sp(2,R) ⊃ sp(2,R) ⊃ u(1)
(44)
g = e8(8) ⊃ e7(7) ⊃ e6(6) ⊃ f4(4) ⊃ so(4, 4) ⊃ g2(2) ⊃ su(2, 1) (45)
The minimal unitary realizations of e8(8) and of e8(−24) can also be consistently
truncated to unitary realizations of certain subalgebras that act as regular confor-
mal algebras with a 3-grading. For e8(8) we have the following chain of consistent
truncations to conformal subalgebras conf:
conf = e7(7) ⊃ so(6, 6) ⊃ sl(6,R ⊃ sp(6,R) ⊃ ⊕31sp(2,R) ⊃ sp(2,R) (46)
The corresponding chain of consistent truncations to conformal subalgebras
for e8(−24) is
conf = e7(−25) ⊃ so∗(12) ⊃ su(3, 3) ⊃ sp(6,R) ⊃ ⊕31sp(2,R) ⊃ sp(2,R) (47)
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